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E PRTRODUCITON 


This paper describes a mathematical approach to manpower 
nin tor an emerging Navy. The situation is that of a 
Small growing Navy with a comprehensive defense task. To ex- 
Pand and develop such a Navy to an appropriate size, a care- 
ful and detailed approach to manpower planning is necessary. 

To make the best use of the very limited manpower re- 
Sources available for the required rapid expansion, two poli- 
cy decisions will be assumed: 

me All available domestic manpower resources would be 
utilized in military billets, mainly on board ships, while 
Civilian billets in shore repair and logistic facilities 
would be filled by foreign imported expertise. 

2 In the beginning, inputs to the enlisted personnel 
Mmerwecure would be at several levels: 

a. At the lowest level where sailors make their 
way up via on CNe Job training: 
b. At the middle level "PO," where sailors would 
come with some knowledge but lack experience. 
The policy indicated above provides a solution for a rapidly 
growing Navy during the early years of its expansion program, 
but imposes serious long-term problems. 
a. The foreign labor force cannot be maintained in- 
definitely, but must be phased out smoothly 


according to some time table; 





be fhe comparatively large numbers of petty offi- 
Seaaewio join at the middle level would soon 
reach the top of the enlisted structure and 
will have to leave, making room for others to 
mov us ILE the only two exits for petty offi- 
cers were to commissioned officers or outside 
the organization, the organization would lose 
needed experience. 
A solution for the two problems would be to direct the exces- 
Sive enlisted personnel to the shore repair and logistic 
facilities as replacements for the foreign labor force 
according to the predetermined schedule. 

Ne should be worth noting that seme of the shore billets 
will require skills and backgrounds that would not be avail- 
Sele within the enlisted force. Such billets will be filled 
from sources other than the enlisted force. One such source 
is the commissioned officers force. The comparatively large 
mae Of junior officers admitted to the organization in 
tne early years and the anticipated accelerated promotion 
EIERE that is mequired to meet the jexpansion require- 

Ments are expected to force many officers out of the system 
prematurely. Those officers could be directed to the shore 


facilities. 





There are enough arguments that good CPO's do not usually 
Make good ensigns due to the big difference in what is re- 
quired of each; accordingly when a CPO is promoted to an 
ensign, the Navy is likely to lose the output of both. 





TT. MODEL OBJECTIVES 


The model defined in this paper is designed to assist 
in management decisions with relation to manpower planning 


policy making, training plans and budget planning. 


A. POLICY MAKING 

This area deals with decisions related to: 

if Recruiting 

| In this category guestions might arise along the 
following lines: 

a. How many men should be recruited every year 
and in what classes? 

b. What would be the long run implications of 
different growth patterns if adopted? 

c. Where is the present recruiting policy leading 
the force? 

d. When should the recruiting policy be changed 
to help reach desired levels at certain points in time, 
and what should be the nature of the policy change? 

2. Promotions 
Questions may arise along the following lines: 
a. What is the effect of maintaining the present 


promotion policy? 





b. What happens to the grade mix if promotions were 
accelerated in the lower ranks and/or the higher ranks? 

c. What happens to the grade mix if promotions were 
halted for some number of years either throughout the system 
Se within certain ranks? 

3. Retirements and Discharge 

The focus in this area is on the systemic impact on 
the organization as a result of reducing the retiring age, 
thus allowing a larger number of people to leave the system 


from the comparatively lower ranks or vice versa. 


B. TRAINING PLANS 
This area deals with 
l. Number of Trainees 

a. What should be the capacity of the training 
facilities? 

b. How would a change in the length of the training 
period affect the inventory at the training facilities, and 
the system. 

eE Tapes of Training 

This area deals with questions like: 

a. How many people should be trained in what skills 
to meet a required skill mix by a certain time? 

b. What is the impact of adding or eliminating one 
voc (Cr aininą CutEicula On the Stock mix in the training 


enlie y andon the organization? 


ER 





cr BUDGET PLANNING 

The questions that may arise in this section are along 
the following lines: 

1. How large is the fund required to cover the manpower 
inventory costs in a given period? 

2. What are the financial impacts of any of the 


decisions made in the policy making or the training planning 


areas? 


L 





III. MODEL DESIGN 


The Navy is comprised of the classes {recruits, sailors, 
ee ty officers, officers, civilians}. Movements from one 
Class to another is permitted in some cases and prohibited 
in others. There are flows to and from the system and the 
outside on a continuous basis. 

MoeestMoltecity, it will be assumed initially that the 
Organization is partitioned into ten mutually exclusive 
states. Figure l is a diagrammatic representation of the 
system. The lines connecting any two blocks indicate per- 
sonnel flows between those two blocks in the direction of 
the arrows. If we further assume that movements from one 
state to another or to the outside are all linear in nature, 
Pree tS, in proportion to the number in the originating 
State each period, then the system can be modeled as a 
Markovian chain, represented by the P matrix in Figure 2. 

The submatrix Q represents movements among the states. 
A letter g in the (i,j) en in the submatrix Q means a 
fraction g of the present stocks in the ith state will move 
to the jth state in each period of time. No letter q in 
the (i,j) position means that no flows are allowed between 
the states i and j. The (i,j) position is at the intersec- 
tion of row i and column j. The submatrix R represents the 
outflows from the system. A letter r in the (i,j) position 


Of the matrix R indicates a fraction r of the present stock 


i2 
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Note: IEEE LL CEU), | for definition of states 11 thru 
20; 
2. States 1 thru 10 are holding states for the sys- 
tem outflows. State 1 receives outflows from 
state 11; state 2 receives outflows from state 12, 
and so on. 
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in the ith state will flow out to the jth state each period. 
It should be noted that the letters q and r in the P matrix 
indicate some positive fractions that sum to 1 on each row, 
but do not imply equal entries in the Oo submatrix or in the 
R submatrix. 

The inputs to the system from the outside are assumed 


here to be a vector H = (h h ) that flows to 


mo 


the system each period, 


(0) 


Given the current stocks S = ( and 


E 


: TTO ; e 
the matrix P = E °| which guantifies the personnel manage- 


h h ) which 


ment policy and the vector H = (h 12° Bao 


11’ 
represents the direct input to the system each period, then 


(1) and after (t) periods stt) 


(°) 


as well as at the steady state S can be calculated as 


the stocks after one period S 


follows [1] 


Shas eo a 


Ë 
s O O+H(Q + Q0 +... + 1) 


s) -yH ha) (ei) 


t-1 t-2 


We can also calculate the number of people leaving the 
system during any given period. 
Let se) be the number of people leaving the system during 


period (t). 


G = SÉ danse 910) 

n (o) 

PC ec = Lk 

Sao (2) 


15 





IEC ON vecteron, period t is used throughout this 
enesis tOo define the time interval (t-1,t], thus time t is 
the last instant in the period t, and time t-l marks the 
dinning Of period t, although it is not included in the 
period. 

Er. 1 


Gu rh emrollowing information: 


H Goo lee 9, 10, 5) 


g (0) 
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IV: BAREASBOF APPLICATION 


Pe POLICY MAKING 
1. Problem Formulation 

ml See = Ms Concerned with illustrating that by 
M pulating the elements of the submatrix Q and/or the 
vector H, one can simulate various policies and their prob- 
able effect on the stock levels. The focus here is on one 
Pare of the organization, namely the higher civilian grades, 
state no. (20).“ 

The main concern is to find answers to guestions 
TElated to the projection of the manpower inventory into 
the future, given a certain policy, and a certain inventory 
level. Questions on the following lines: 

a. What would the steady state inventory be? 

b. What can be done to change the result in some 
desired EE 

c. How fast, or slow are the stocks moving in the 
desired e on and what could be done to influence the 


rate of change? 


“See example 1 for state definitions 


ŠThis paper addresses the mathematical side of the prob- 
lem only. The reader is cautioned that changing the para- 
meters of the model in real life situations would require 
careful feasibility analysis. 
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E 


a. 


developed in detail showing the ultimate size of the system 


under discussion and the required number of billets in each 


grade. 


Ee 


Assumptions 


aea organization chart has been carefully 


The promotion and attrition policies are stable 


over a fairly long period of time. 


Ce 


The annual inflows to the organization are con- 


Stant over a fairly long period of time. 


3. 


Let 


“Civilian grades, 6 through 13“ where S = 


See and 


20 


Where h 


li 


(O) 


lo 


SE 


"202 


BIOS 


5204 


5205 


5206 


5507 


5208 


"20 


Ghesannual-input to S 


the annual input to S 


ene annual input to S 


= Grade 
= Grade 
= Grade 
= Grade 
= Grade 
= Grade 
= Grade 


Grade 


= {h 


201 


6 


7 


TO 


11 


A 


43 


h 


Mathematical Notation 


Be tne current time stocks in the state 20 


{s 


20 201 


The annual inputs to the system where 


un) 
201 Grade 6 
202 Grade 7 
"Grade 13" 


208 
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Let 2-0 = 8x8 matrix that represents the promotion policy 
within the civilian higher grades 6 through 13 
where žie SH EI Eraction of the ith state that is 
assumed to move up to the jth state and an will 
always equal zero except when j=i or j=itl. 

Let Rao = 8x8 diagonal matrix that represents the flows out 
of the system where r = the fraction of the 


stocks in the ith state that is allowed to flow 


out each period and 


: . . + ae = 1 
a: 15 1 q; i+1 


m "he states (01, 02.....08} be holding states to receive 
emer ct lows Out of states 201, 202.....208 respectively. Now 
the system can be described by the diagram in Figure 3 where 
a line between two blocks indicates possibilities of per- 
sonnel flows. 

The matrix Pro in Figure 4 is the mathematical represen- 


tation of the system; however it does not show the vector 


It should be kept in mind that H represents all in- 


H ° 
20 20 

puts to the system i.e. direct input as well as the flows 

from the organization at large to the system under discussion, 


EmMe State 20, Civilian grades 6 through 13. 


20 





GENERAL PUBLIC 


Upper Civ. Grades state 20 











VE 4 E From college state 17 
í ES 201 From special trg. state 18 
Grade 6 From promotions state 19 
— "202 
N Grade 7 
= 
O 
Ë: 
5204 < 
Grade 9 H 
> = 
< 
x 
205 O 
fz} 
Grade 10 = 
| Ei 
— 
Grade 11 
EE SrL LCDR from officers 
< Grade Siecle We 
| | 
5208 , < Sri DR from officers 
= Grade 13 state 16 
`` 


ES 


21 





P 
20 


BEE EE 07 08 f 201 202 203 204 205 20672077208 


01 de 





Fig. 4 


22 





4, 


Model Application 


The method is best exemplified by an interactive 


model where information is fed to a computer and varied by 


the operator to see the resulting patterns that follow a 


policy change. 


Ba. 2 


The following example demonstrates that. 


Given the following inputs 


(0) 
°20 


Z201 
20% 
202 
203 
204 
205 
206 
207 
208 


ie 


CL) 


Calculate S56 


following cases: 


SEH 
Case A TOO 
Case B 20 
Case C 100 


202 
l 
<l 


(2) 
20 
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2092 
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= 7.000712007300,20076009,300,100,100) 
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Discussion of example 2 


20 Say portnetical” promotion matrix that allows slower 
promotions in the lower grades represented by states 201, 202 
and 203 than the higher grades represented by states 204, 205, 
Meo and 207. For example, the first row of the matrix indi- 
cates that 80% of the stocks in state 201 remain there and 
Sy LO% are promoted to state 202 each period. Similarly, 
the 6th row indicates that only 40% of the stocks in state 
206 stay there and 50% are promoted to state 207.each period. 
If such a policy were representative of the real situation 
One would expect Table II to be a representative of the stock 
inventory at the indicated time. 

Case B in Table II shows what would be expected when 
inputs to the lowest grade suffer shortages, presumably as 
a result of shortages of the flows from other parts of the 
ereantzation. 

Case C shows what happens when the input shortages take 
place at the upper grades, presumably as a result of shortage 
meet lows from the other parts of the organization. 

Case A acts as a reference line. 

Comparing Case B to Case A line by line, one should 
notice that the reduction of input to the lowest grade, 
state 201, ln Case B was immediately felt in that state only 


g (1) 


from the first year. Note that the second line, mn 


TE qr mili Figure 3 shows thatwlarge portion of the 
Timu to the lowest grade comes through states 17, 18 and 19. 
Should flows from such classes become short we should expect 
a pattern on the Case B lines. 
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(1) 


2 A 1 ((dencical to the second line, S „ ln Case B except 


morn the element at the first column, After one more 


S201° 
period the shortages are felt in the next higher state while 
the remaining six states 203 thru 208 show identical results 
under both cases. To verify this, compare the third line, 


2 
a in Case B to s! ) 


in Case A. It might also be useful 
Ao te that the effect of reducing input to the lowest grade 
upon the stocks in the other grades decreases in magnitude as 


(S) 


Io ves Up the organizational hierarchy. Compare S en 
Case B to el in Case A; the lowest state 201 is reduced 

From 500 persons under Case A to only 100 under Case B; state 
202 is reduced PES 32.02: 00722... and the highest state 208 
ms r  quiced from 198 to 181 only. 

When the reduction of input occurs in the two highest 
grades only, states 207 and 208, as in Case C, obviously no 
changes take place in the preceding states 201 thru 206. 

If for some reason the Q matrix is changed to reflect a 
policy of faster promotions in the lower grades than in the 


higher grades the projection of the inventory over some period 


of time will be much EE 


E cea ire a change of the promotion policy may 
have psychological impact on the human behavior which causes 
Further changes in the elements of the mathematical model, 
Se EE thecrate of recruitment, it 
is assumed here that all other elements are held constant. 


PAS 





9,0 below is a reflection of such a policy with the assump- 


n ES tion is held at the same level as in Q50° 


Zoos 1204 205 206 207 208 
alia | .6 

202 .4 „5 

203 „5 „45 

204 .6 er 

205 7 52 

206 .8 

207 | .5 . 2 
208 .5 
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Tableti Shows the solution of ex. 2 using DE A con- 
parison between Tables II and III, line by line, shows that 
the fast promotions in the lower grades reduces the inventory 
of those grades considerably; however, contrary to one's 
Pruitt On, no build up Occurs in the higher grades. Table IV 
Shows the total number of persons in the system at the steady 
Sees Lt is worth noting that the total size is larger 
under the policy represented by EE than under the policy 
represented by 20 in spite of keeping the attrition rates 
the same under the two policies. 

Table V shows the percentage distribution of personnel 
Over various grades in the steady state under each of the 
two policies and with each of the three cases. 

The objective of example 2 and the above discussion is 
to illustrate that the size and composition of a personnel 
System is governed by flows in, flows out,and promotion 
mos jointly. To predict the long term impact of a 
change ina single area requires an understanding of the 


interaction among all the elements in the overall picture. 
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See ouowemeand Decay 

The discussion has so far addressed a constant size 
Berkijey, which leads to a constant size organization, "steady 
state so", 

However, organizations in real life are either grow- 
ing or decaying. An expansion of the previous discussion is 
necessary to show what would happen if the inflows were not 
constant but were varied at a constant rate. 

a. Geometric Growth [2] 

Let ae be the input vector in period O and let 


O be the desired rate of growth, i.e. 8 > 1. Now the input 


EC Eer at time t, yt? a s, AO 
. = so + OH 
2 E g 6) 944 HO + aa 
t= 1 
t Be 
ae ee Dr. (3) 
j=0 


As t becomes large "i.e. approaches >" the expression con- 


verges to [2] 


Re 


t>% 


> G“ qe 27 (4) 


si Ehe above formula provides insight into the future 
projections of the inventory level, given a geometric rate 

Of growth 0, it further indicates that the equation exhibited 
under the constant size cast was a special case of a geometric 


growth with 0 = 1. 
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b. Geometric Decay 

Mm—cmomoanrGantZatlon were to contract in size, 
the rate of decay cannot be controlled by the value of 9 
Beyond some limit. For example, if no £lows were allowed into 
the system, making the organization die through natural 
r Iron Enis would imply that 9H = 0, i.e. 6 = 0. With 
8 = O the above formula would collapse. Thus the rate of 
decay must have an upper bound which cannot be exceeded and 
O must have a lower bound beyond which it cannot go [2]. 


Ek. 3 


Given the Q,, and 9% matrices 1n example 2 
< 


0 
show the stock levels at the end of each of 


the periods 11, 2, 3, 4, 5, 15, 25 and 26}. 


Given s (0) 270007081 50072200,.600, 300, 100, 100) 


GAS 


il 


IEkoo 07 40,10, 40, 30, 10, 10) 


EEE Ko: growth 8 = 1.05 (i.e. 5% growth) 
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Discussion of Example 3 

Table IV shows that stocks started decaying in 
spite of the .05 desired rate of growth. This is because 
the initial flows in vector H are much more less than the 
flows out; thus the system showed decay symptoms. To ex- 
AN this further, consider S under the Q policy between 


201 


periods zero and one. starts with 2000 at time zero 


E 


EC reaches 1705 at time one.  Referring to 0. in example 2 


2 
Eer er that 0.8 stay, 0.1 get promoted, 0.1 move out, 
and 100 persons flow in each period. This means 042 cof 2000 
which is 400 persons move out and only 100 persons move in, in 
Eat period. Besrszelleerschaer increasing the 100 to balance 
the 400 requires many periods, if the growth rate is 5% 
only. Now consider the same state between periods 25 and 26. 
S,o1 reached 1428 at time 25; the flows out are 0.2 x 1428 = 
285.6, and the flows in are os ES Peon = 355,6, iné. a 
net increase of 70 persons are added to the inventory of 
time 25 which makes 1498 persons at the next period, time 26. 
After the growth rate catches up with the decay, then the 
stocks start growing at the constant rate governed by @. It 
can easily be verified that the stocks at time 26 are 1.05 
times the stocks at time 25. 

It is further noted that, while the stocks keep 


growing at the constant rate they tend to maintain the same 


composition, i.e. 


A 
— _ becomes stable as t grows 
Ce) 
E 
(Cen g(t) 
indefinitely, where eS = >` Se „ However for this 
i=1 
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Sia De” comal t Yon lO occur, t must be large enough. IMSS 
ample 3, Table VII indicates that the system reached that 


condition under the policy represented by 20 at. Elme 223- 


ws 


It can readily be seen that S has the same composition 


s 228 An interested reader may calculate st) 


as for any 
t larger than 26 using equation (4) to verify that the com- 
position does not change. 

Tt 15 woren noong that Table VII shows under 


the promotion policy represented by that the system becomes 


220 
very close to the stable composition at time 25 but needs 


some more time to stabilize. 
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B. TRAINING PLANS 
1. Problem Formulation 

The focus here is on the training aspect of the sys- 
tem. The model will monitor the quantities and gualities“ 
ethe training and will help predict the impact of changing 
the training policy on the training facilities as well as 
on the entire system. This discussion first addresses the 
quantity issue to answer questions about the capacity of 
mae training eee and its relation to the length of 
eeriining,. 

EA RSssumprions 

a. The state 18 "special training" is the main 
training facility in the system. 

b. Individuals are trained there over a range of 
Skills. A range of five skills is considered here for 
illustration purposes. 

c. Different skills require different lengths of 
training ae some require a one year program and some 
require a two year program. 

d. Trainees come to the training facility from two 
sources namely, CPOs from the petty officer class, state 14, 
and college graduates from the sponsored college training 


class, state 17. 


m riries here denote aggregate number of individuals 
in the training facilities while qualities denote the number 
decente technical Curricula to be taught in the train- 
ing facilities. 
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e. Movements through and out of the training system 
follow fixed rules that are stable over a fairly long period 
of time. 


3. Mathematical Notation 
Let elt) be the number of chief petty officers that 
flows to the training facility at time t 
y it) be the number of college graduates who flows 
Ponce straining facility at time t 


wit) = pl) 


au tt) = the fraction of the total input that flows 
to the one year program skills and 
(1-0) w'*? the fraction that flows to the 
two year program skills. 


vlt) 


+ total inflows at time t 


Let the training system S be partitioned as follows: 


IES 
S 181 = Individuals enrolled in the one year program 
Zus: = Individuals in the junior year of the two year 
program 2 
S183 = Individuals in the senior year of the two year 


program. 


Let states and 903 be holding states receiving the 


301 302 


flows out of the system as follows: 


Jol = | Lndividuals dropped out of training 
too 7 Individuals graduating from the one year program 
903 " Individuals graduating from the two year program 


Let H be a row vector of flows into the system 
7 
H = {aw, (l-a)w,o} 
Now the training system can be represented as the diagram 


in Figure 5 or equally the P matrix in Figure 6. 


18 


The third element of H is zero, indicates no flows are 
allowed from outside the training system directly to state 
183, the senior year of the two year program. 
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Then 


EI) ne) (L) 
eer o + n 
g (2) 5? oi e ally d y (2)? 
In r C KO). ail 

(4)_ „0 „4 (1) 3 Ze (3) (4) 
> = 8 8 A A. 
Meer"? O t EE (3) t-3 (t) 
one +t HS 9 tee HSS 

O „t E L) t-i 
Ao + iors: (5) 
i=l 


Now the variable elements of H are E and U. To optctarn them, 
the state 14, petty officers, and the state 17, college 
graduates,have to be broken into their respective components. 
Under eguilibrium conditions,those states become constant in 


size, hence E, U, and W become constant and the eguation 


becomes 
(o) Bees 
Sig = 41, (t-Q,Q) 
(t) (t-1), 
Š S is 18 
a ea ee ee r 
E ro s = 8 RES 


) 


where G = (907, 992' 903 


4. Model Application 


The application here is also on an interactive basis. 
The model can be used to iterate a current situation for a 
number of years and display the stocks and the outputs rele- 
vant to each future year, thus the decision maker can see 


the peaks and valleys in either the stocks or the output and 


40 
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can simulate a corrective action and see the probable result. 
Another useful application is the simulation of changing the 
length of training to see the impact on the projected output 
of the system. 
Ex. 4 

‘Table VIII below shows the values of E and U as projected 
om a computer printout for the periods indicated.” Given 
the stock A s (9) shown below, and the system's matrix 
Pig mmeeigure /, and knowing that a = 0.3, calculate: 

a. The stocks in the system at the end of each of 


the periods indicated. 


b. The graduates from each program. 


Table VITI 


| | A 

Elements 
70 90 EPS 120 130 
10 215 25 15 20 





on 9) 2 03 SECH StB? SLė3 





¡o 7 


8 
Hypothetical data. 
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(15 


Solution: H — 0) 3; G0x. 70) = (18 42 0) 
E 62547, 0) = (18.6 43.4 0) 
PARES) GOx.7, 0) = (24 56 0) 
E AŽ sx.7, 0) = (24.5 80.5 0) 
m Ee ox. 7, 0) = (42 98 0) 
Pelee 35x67, 0) = (20.5 94.5 0) 
A 5 sO 727 0) = (45 85 O) 

Table IX 


== Ter e= 
States 
one year prog Sig 255095213 7.1) 25271, 45,07| 23,75 
junior year Siga | 54 | 54.2 | 606. 3 f 53557  116.77 117.35/106,25 
senior year EIER 34.38| 34.24 |41.82 SS ele 12.98 167407 
dropouts 13.91|13.6 [16.38 “2:72 28.56| 27.1 | 
one year grad LSE 55 EE 77 122.18 B54 284851 42-46 
two year grad 522891 3019213082 37.02 1252.571000.36 


Decisions that affect the elements of the 018 matrix or the 


n. vector would have results along the lines shown in ex- 


amples 2 and 3, illustrated earlier; however varying the 
time length of training would lead to situations the planner 
Might want to consider. 
EX. 5 

Suppose in the previous example the two year program was 
extended one more period, i.e. those who succeed in the second 
mear of training do not graduate but enter a third year of ad- 
vanced training. At the end of the third year .07 would re- 
ES Ee training, .03 would dropout and .9 graduate. What 
would the new flows and stocks look like over the same period 


of time, given the same data in ex. 4, after adding a zero 
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EE Mont CO Dė the fourth element in each of the row vectors 


H and e DI: 


Solution: 


The new Pig Matrix would be as follows 





Fige 8 


The states would be defined as follows 


S183 individuals in the second year of the three year 
program 

S184 individuals in the final year of the three year 
program 

903 individuals who graduate from the three year 


program. 
All other states keep the same definitions as ex. 5. 


Table X 


—— A LES 2 


one year prog | Sig, | 23 [20.9 | 26809 (37511 | 45.71| 45.07 

Ist year of S 

3 vear prog 182 54 54.2 SOS 1 2423.64.85 | 117 „87 | 106 

3 year prog 34.38 |34.24 |41.82 Sonos) (3.04) 67.1 


3rd year of 

dropouts reg 32 115.77 118.44 | 23.861 29. 73] 29.0 
one year E 19.55 |17.77 |22.18 | 31.54| 38. 85) 42.5 | 
3 year grad “aa 65.12 |61.68 | 32.05| 36.12| 58.41 
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Table XI 


Comparison between stock 
under the two different policies 


IN OO 27 2171 177.83 220.89) 235.9 1223.07 
Besen 7208. 771261.32/291.56|238,.0 


Table XII 













E 
È 


EElicyv |179.5 





Comparison between training output? 
under the two different policies 


205.5 O SAS DONOSO TS 91.33/102,82 
Mere 239 23.3656 3,559| 74,97,100.91 


Tables IX, X, XI and XII show that under almost the same ad- 













Policy 
T 


vancement policy and with the same inputs of trainees, the 
training facility in the previous examples would turn out 
Menee tereent each year and require a different size capa- 
city. 

This type of information would help the planner better 
manage the interface between the training program and the 
manpower requirements of the organization as the output of 
the training system comprises an important portion of the 
input to the organization. This leads to the following 


dısemssıon,. 





Training output = 902 + doa: 
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5; J r tron by Skills: 


Dnesmumberzsof graduates from each program might not 
bessufficient. The planner may need to know the levels of 
so kS and flows by skill. To get these details, he will 
M to expand the input row vector H into a matrix H, an 
M x N matrix, where M is the number of skills in the program 
that contains the largest number of skills and N is the 
number of programs in the training system. 

Let we EEE Et matrix H. This is 
the breakdown of the jth element in the row vector H by 
Skills. Whenever the jth element of the row vector H is 


E, 1.e. no input from outside to the state j, the column 


ay moe be all zeros, 


ll 
> 


erg.: H 


H 





and 
M 


M M 
loi, = = = = = 
eh, = 22 hi, = hy, eh, = 2h, 5 hz, eb; = 2 = 
1=1 i=l a) 
where e is an M row vector of ones 
SN e e 10) 


eche partition of all joining individuals by 


Program ana by skill, so the De element is the number of 
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K jOLining Ehe ith skill in the jth program. The dis- 
rb ion Of Bs over the elements of E is according to an 


allocation policy represented by an M column vector S 


a. = a.. where s Fam] and ea. = 1 
J 13 a J 


Pos 


° 


"nu: 


number of individuals allowed in skill i of program 


j = = Dago 

Let each program be represented by a state, then, the row 
EE IZ can be expanded to be the matrix S with the same 
Size as H. EE S Lor S and Boa o ene 

Sa Lion, the results would be in a matrix form showing the 
BMM S OL individuals in each program of each skill. The 


following example will show an expansion of example 4 along 


the skills dimension. 
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EX: 6 
Given the input vectors gti) rex and the Lact that 


the annual input to the one year program was usually distri- 


buted over the three skills covered'by that program as 


follows 
a), = .3 
Ge IS 
GESI = „5 
Any = 0 


and the inputs to the two year program were distributed over 


the four skills covered by it as follows 


a), > ee 
a, = 223 = .3 
a, = .4 
K SS, Je 


and the current stocks in the training facility were repre- 


sented by the matrix E 


Sen) = le alee 
15 12 14 
10 18 21 
25 24 28 

0 6 7 


LDS policy matrix Pig asis emi ineetrect.) Find the expanded 


Solutions Over the first period. 
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Solution: 
M is the largest number of skills in any one program. 
M = 4, N = 3 


4x3 


H 


(1) 


H te l 55 C 42, h; = 0) 
Zi 
A nn 18 5.32 5.4 
a A 
E SO 
Dar = 15 x 0 = 0 
—2 
Eeer e 8.4 
DE ee o 
me) 77 i 
m i 
M a 
0 
0 
gt) 5.4 8.4 0 
ECM 2.0 0 
ic S 0 
0.0 4.2 0 | 
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SA? 


S oo. © + H 
181 Poe 183 ë 
aoe: E i2 14 IE o 
RK 10 18 Dal Ono G 
25 24 28 0507.05 
0 6 7 | 
0 
5 “O = | 1.5 2.4 ae 
1.0 So ELL. SS 
249 ET 5 
0 T2 22292 
sia 64.97 "102-8 1.9 
Aero. 2 ë 11285 
mes. 193.8 
0 5.4 3095 
Note that a = g (4) 
ZO 221208 39.50) 
(1) (L Jia 
I bove Vector eS can be easily compared to S in 


example 4 above to show identical results;however the matrix 
sa reveals more details than the vector zu. Solutions 
Lan or the other periods can be found similarly. 
The user must be cautioned that all skills in a particular 
state share the same q and r which implies an assumption 
or no segregation among the skills in one grade with respect 
of advancement and attrition from that grade. Whenever 
Sueiwameessumption is not realistic, more Seanas have to be 
added to the Q matrix. 

6. Mier tace with Organization 


Graduates from the training facilities, state 18, 


r le organization through the civilian grades, state 20. 
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ELL LL io in in grade 6, State 201, in the appropriate 


skills. This requires that the input row vector 


H = {h } 


20 h „+ 11 


201 202 208 


be expanded to the matrix H of size M x N where M is the 


20 
largest number of skills in one grade and N = the number 
of grades. Likewise S Span e dpto be the matrix S 


IR LS 


G Size M x N. 


This arrangement will have no effect On the size of 


218 and the model for this particular state will be 
WE (C L) 
EC Ve ome B 
In the steady state 
co -1 
° = H.„(I-0,,) (6) 


=LS lė 15 


Likewise the flows out of the system would be in matrix form, 


where Gis es ant x N matrix, 
co =] e 
ieee =e e218. “ils a) 


Thus inflow, outflows, and stocks can be identified and 
Garried forward from one period to another in matrix form. 
This shows numbers of individuals in each skill in each 
grade. 

While the above arrangement gives useful details, it 
has two implicit additional assumptions. 

a. All skills in any grade are treated the same 


with respect to promotion and attrition, i.e. regardless 
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ož the type of skill a person has, he is entitled to the 
Semermenance for promotion and attrition. 

b. The above assumption leads to another one that 
Says “every person has a chance to reach the top of the 
organization, governed only by his grade, regardless of his 
he 

In reality, the assumptions above may very likely 
be untrue. The model can be adapted to accommodate the 
real situation by increasing the number of states N. Thus 
Gaara ng S, into two states Sia and Sin where the skills in 
One grade i are split in two groups a and b, so that each 
group might have a chance different than the other group 
Ee PtomMotion to next grade (itl). This will result in more 


realistic projection at the price of increasing the size of 


and S 


218* The same concept may be used to allow 


o E 
for blocking certain skills from moving up the grade 
hierarchy. This could be done by designating the highest 
allowable grade for some skills a blocking grade and divid- 
ng Me into two states Sia and Sin where all skills move 


from S. or. or S,_ with equal chance, then those in S; 


1-1 la TD a 


while those in S, are 


Sal continue to move wu to S. 
P (itl) ib 


blocked. 


er BUDGET PLANNING ` 
The objective of this section is to find ways for calcu- 
lating the budget required for various inventory levels, and 


the effect of policy changes on the budget requirements. 
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The discussion will show how models can be used for the cal- 
BE E los and will address the financial impact of the policy 
changes. 
ion Problem Formulation 

Hor c /1tian population Within the Navy, budget 
is most affected by: i 

a. The number of people in each grade 

b.> The personnel time in service 

c. The different types of skills within each grade 
The system needs to be quantified along these three dimen- 
Sions. In the first part of this section, the vector S = 


(Si, S S.) was a representation of the system along one 


R 
dimension, the pay grades. In the second part, the vector 
S was Be gie d EE Eech to represent the 
system along the N grades and the M skills. In Ehis part, 
another dimension is introduced to represent the system 
along the length of service using the three dimensional 


array L = M x N x K where K = the highest level of salary 


allowed in any grade, 


CE. CE) (E) Ce} (t) 
and L = L. L ; L, e Le 


where E k) = number of persons in skill i, grade j 
er and pay level k, at the conclusion of 
| period t. 
YO 


Salary levels are arranged such that a person's salary 
moves up one level each period to a maximum of K levels. 
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2. Mathematical Notation 


Cee 
Ben, = Ho 
Lit) mn o ION TE aol 
(2) 207 20 Skill 1 
Se: > Skill 2 
s Skill 3 L 
Lea) = 350520 (k) 
é we 
LEI = 2 Skill M 
br O n, 
k=1 
Ber A peran N x M matrix where a... = the allowance 
(k) A, KE) 


payable to individuals in skill i, grade j and a salary level 


ce (1,2, 
S 
Skill 1 
Skill 2 
Skill M 


2 |e 


201 202 203 


Now the annual allowances payable to all personnel over the 


„th period eguals B 


p(t) 
a 


CE) 


where 
a = 
K N M 
GE) 
-D a = 
k=l j=l i=l (eer Ke) (E ic) 


The salaries vary according to grades only, regard- 


less of the type of skills. Let C be an N x K matrix where 


N 


K 


ij 


= 1,2,... / N grades 
= 1,2,...,K pay levels and 


= the annual salary that is payable to grade i 
of pay level j where 


= E er 
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‘af 


201 


202 


208 


The salary payable to all personnel over the see period equals 


ptt) where 
c 


K N M 
(t) (t) 
B = > [ > l alee Pc (9) 
5 k=1 A = 138 


The budget estimate is the sum of equations (8) and (9). It 


is denoted by pt) 


(t) nt) 


where B = + 
a 


pit? (10) 
Cc 


eee Model Application 


The model has been modified in the previous section 
to yield information about the budget. The main guestion 
raised here is the budget size reguired, given certain 
policy, salaries and allowances table. 

Matrices A and C, Be coined earlier, would capture 
Mime rnanecial data and would vary the model output according 
E. ES variations in the financial data input. The matrix 
L, would capture the manpower policy changes through its H 
and/or Q components. 

Once all variables are entered in the formulas, then 


the budget estimation becomes a matter of programming. 
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Ex. 8 below illustrates an eight grade system with six 


skills and five levels of salary. 


An organization starting with 


a 


1) The inventory stocks as £0llows 


S S S S S S S S 


I 2 3 H 5 6 7 8 
SKILI I O (O 20° 257 20. 19 -15 10 
SI 2 AS 200 20 16 20 8 
Skill 3 Ee 16 18 8 
SkKLLL 4 AO ES LO 12 12 6 
Skill 5 0 Geo 12 10 6 4 
Ski Ll6 0 0 O 12 8 8 4 2 


2) The annual flows = 


h h h h h h h h 


1 2 3 - 5 6 7 8 
Skill 1 ON hi 120 18 16 12 8 
Se Dame AS. 10 12 10 6 
SKill 3 15922272172 L6 12 10 8 8 
Skill 4 Bosse 272170720 8 8 6 8 
SKIL 5 0 0 8 8 6 6 3 4 
Skill 6 0 0 0 6 = 6 7 4 


1 Tne O matrix = 


S 755.2 

S 2 II 

S3 75 
S4 

SS „11 

S6 22 ot 

S7 A 03 
S8 „4 


° 
j NO 
ul 
o 
N 
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4. The basic salary table (in thousands of dollars) 
cable 8, 


Rae. Lt 





Level l|Level 2|Level 3|Level 4|Level 5 








= Grade 
= Grade 
= Grade 
= Grade 
= Grade 


= Grade 


0 u O oO F&F W N P 
0 J O Uu Bb NR 


u on NUN 0. 0 V Vv V 


= Grade 


5. The basic allowances table (in thousands of dollars) 
table 9, 


Table XIV 





eee bi Pi] SkKkrilliSKill i SkKill|Skill 





Grades 










S, 0 0 
S, = 0 0 
S; = 0 0 
S, = Grade „4 2 
S: = Grade > os 
S. = Grade sO 1 
S. I 2 
Są 2 4 


and the above allowances increase by a rate of 10% of the basic 
allowance table annually to a maximum of 50% at the highest 
level, 
REQUIRED 
anm The eh ans layers by paylevel during the 
fourth year 


b. The salaries for each layer over the fourth year 


c. The allowances over the same period 
d. A calculation of the total budget. 
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Solution: 


„(4) 


L 


|! 
| T 


L. = H = 30 
28 
18 
16 


2222 
2.) 
1395 
12 


INS 
15.7 
romi 


lJ 2 7 
HIS 
7.59 
Sie 
0 
0 


28 
24 
22 
12 


27 

2326 
2 L 
12 2 


24.7 
21.9 
15728 
ILS 


21.9 
J no 
15.4 
TOS 
0 
0 


18 
16 
d 
Us 


OL 
ee 
13.4 
2-2 
6 
0 


179.7 
17.3 
14.1 


9 57 


4.5 
0 


19. 7 
17.4 
14.1 


+ 
SE 


0 
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2 
HQ L, = 
Table XV 
20 15 
ES 10 
16 14 
10 8 
8 6 
6 4 
Table XVI 
L876 16.6 
16.7 10.6 
14.4 13 
3.5 1.6 
7.6 578 
LSS 4 
Table XVII 
VS Lo. 3 
15.9 POS 
1325 1 2 
gell 7.22 
6.9 5.58 
3237 Bet 
Table XVIII 
Lie 14,3 
15.4 10.7 
L29 TASo 
8.8 028, 
6 . O 7 5.29 
2.53 3.26 


1 
1 
1 


1 


6 
2 
0 


08 

7.64 
7.18 
5.24 
3.94 
357062 


SEO 
6.42 
Bi 
4.39 
22124 
2.9 


152 


“IW OV 


Dron 

4.04 
3.34 
2.54 
1.93 
2-2 


OS 
22 2 
2232 
1:79 
PTS 
ID 


P> a 00 00 01 09 


Q un 


12.9 
1.47 
2269 
19259 
05805 
0985 


2.01 
O. 79 
0.843 
mio? 
USOS 
O. 515 





Layer 


Grade 
Grade 
Grade 
Grade 
Grade 
Grade 
Grade 
Grade 
Total 


Level 
Grades 
Grade 
Grade 
Grade 
Grade 
Grade 
Grade 
Grade 
Grade 
Total 


Ona MN By 2 P 


OO +) OY Q B&B Q) D = 


2er 
9.49 
> 
S. 33 
0 

0 


23 Ee 15.8 8.86 
18 17.2 15.5 ISSO OL 
14.7 14.3 E2 IO 171237 
9.91 9.24 9.95 9.98 6.13 
0 Goo. LZ. 4 dl 5.39 
0 0 3.8 55655.) 6 

Table XX 

Salaries 


Table XVIX 


32.16 
35.27 
3206 
2 29 
1.66 
IL 


0.714 
05 7 37 
27697 
0.499 
0315 
02.05 


lst Layer 2nd Layer 3rd Layer 4th Layer 5th Layer 


Br 


1— 


3 


1 

368 
430 
384 
546 
480 
922 
460 
456 
646 


ur. 


510.5 
35595 
423.8 
534.75 
489.6 
466 
316.8 
221,5 
3224.9 


EBS. aa = 
55. 75 we ee 243.63 
455285 471.32 524781 
458.36 482.29 586; 12 
e a 535735 659.93 
491.22 615709 73220] 
422,18 387.89 474.24 
228. 72 173.78 190.49 
1268. 1:6 64.935 172507 
2965.4 286 55 3459.3 
Table: XXI 
Allowances 


lst Layer 2nd Layer 3rd Layer 4th Layer 5th Layer 


24.8 
32. 068 
Se 
332 
39.4 
54 
5976 
Ao 


20.46 

355125 
40.458 
35:728 
41.118 
47.784 
41.096 
29125 


3953,88 298.62 


16.74 
35.824 
43.696 
30,432 
42.178 
42555 2 
2957.05 
ir OG 
2017.22 


732501 
34.863 
46.224 
377238 
42.814 
222106 
22.9584 
eier 2 
247055 


13.3732 
36.725 
S 
IÓ 
63.033 
Sa 7065 
24.854 
8.1385 
01.13 


The required total budget is the sum of both tables XX and 


XXI shown below in Table XXII. 


Grades 
Grade 
Grade 
Grade 
Grade 
Grade 
Grade 
Grade 
Grade 
Total 


OO JO MN Aa WN P 


A 


392.8 
462.08 
BEN) „ 2 
581.2 
519.4 
576 
519.6 
527.6 


3999728 


330.96 
491.0752 
464.258 
570.478 
550.718 
513.784 
2597: 896 
264.35 


252329192 73232,5616 


Table XXII 


lst Layer 2nd Layer 3rd Layer 4th Layer 


275.49 246.47625 
491.6736 506.18182 
202.0556 j 528.51127 
=08.552 572.58684 
233. 3970. 2539.903831 
465.1016 426.99382 
258.4248 196.36838 
137.8664 76.05702 
51111.0792 
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5th Layer 


257.36484 
501.53756 
099.39623 
711.48613 
795.63866 
S 500522 
215.34007 


55.695752 
3760.4645 


Total 


15095.0911 
2512.5482 
2554.4211 
3004.303 

2937.0581 
2506.8846 
1547.6292 
10061.5692 


17627.504 





The data calculated for the previous example could be mani- 
peared tosyielad more useful information at little cost. 


For example the layers Lie GEZ Le could be summed along 


any of the three dimensions, skills, grades or level of 
Salary to give information about the entire organization 
along the other two dimensions. Table XXIII below is a 


summation along the skill dimension to show the total inven- 


EOry 


in terms of grades and level of salary. 


Table XXIII 


lst Layer 2nd Layer 3rd Layer 4th Layer 5th Layer Total 


Grade 1 92 69 52 39 35 287 
Grade 2 86 83 76 67 66 378 
Grade 3 64 65 65 64 69 327 
Grade 4 78 71 67 63 73 552 
Grade 5 60 58 55 52 67 292 
Grade 6 58 47 38 32 40 215 
Grade 7 46 29 19 13 TS 122, 
Grade 8 38 ite 8 4 3 7E 
Total 522 440 380 334 368 2044 


Diytdaing Table XXIII, 


the total budget, 
cost per person per year over all skills in a given grade 


and salary level during the subject time period. 


Table XXIV 


Phemeocal inventory into Table XXII, 


yields Table XXIV which is the average 


lst Layer 2nd Layer 3rd Layer 4th Layer 5th Layer Total 


Grade 1 4.2696 4.7965 523235 6.3504 7.3945 5.2488 
Grade 2 5.373 353737 6.4715 7.5178 825998 6:6503 
Grade 3 6.5813 71205 2 6675 8,2785 9.2581 7: 17893 
Grade 4 7.4513 8. OQTI 8.5477 970912 1032 3.532 
Grade 5 8.6567 922159 9210028 102851 11,946 109,118 
Grade 6 9.931 112925 122118 orc 139235 117.669 
Grade 7 11.296 12.427 132998 14.689 14.696 122098 
Grade 8 13.884 19.106 16.335 1772569 17.535 14.86 
Total 7.6626 8.0281 825027 9:2879 102257 8.6296 
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COCO Table XXIV is the result of dividing column 6 
of Table XXIII into column 6 of Table XXII element by 
element, giving a weighted average of the annual cost per 
person per e over all skills and all layers in that 
grade. Similarly, row 9 of Table XXIV indicates a weighted 
average of the annual cost per person per layer over all 
grades and all skills in that laver. The figure in row 9, 
column 9 of Table XXIV would indicate a weighted average 
of annual cost per person over all the grades, skills and 
layers. 

These are a few examples of the possible sets of 
data the user might get by manipulating information obtained 
by the model; however, one must be cautioned that the model 
has an implicit assumption that everyone joins at the lowest 
Tevel of salary in his grade, (i.e., no prior service is 
js ror). This assumption simplifies the calculations 
because of the limit it imposes on the number of states, 
Gimme ing H; S and Q as small in size as possible. This 
assumption is also valid in most cases because inputs to 
the system from either the training facilities or promotions 
would join in the lowest level of their respective grades; 
however, individuals who join by transferring their services 
from other government agencies may bring some seniority in 


their grades with them. The model can accommodate this by 
adding more states to S, H and Q, thus increasing the size 


of L along the grade dimension. 
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> CONCEUSTONS 


A. GENERAL 

Markovian chains have been in use in various management 
related fields for many years. This thesis is a demonstra- 
tion of their use in manpower planning. The discussion 
addressed the planning needs of a specific organization; how- 
ever, the theme was kept general. 

The model focused on two parts of the organization, 
namely the civilian grades and the training facilities, and 
the same logic and techniques are applicable to all other 
parts of the organization. One may visualize ten Q matrices, 
Monte sencing the ten parts of the organization, or one large 
ma representing the entire organization. For simplicity, 
the subject system, state 20 or state 18, was assumed to be 
isolated and the flows to either one were assumed to be 
controlled. This should be considered realistic 
because in steady state, the flows from the other parts of 
the organization to those states, as well as to other states, 
will eventually become constant. Those constant flows are 
variable through the manipulation of the model's elements. 

The steady state explains how the organization might 
maintain a constant size and composition irrespective of time. 
This seems unrealistic because organizations in real life do 
grow; yet a planner may find it useful to visualize the 


expansion of the organization as a continuous movement from 
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one steady state to another. This explores different sets 
of policy changes that are necessary at different points in 


MENTE: the Organization's growth is to be kept under control. 


B. THE MODEL ADVANTAGES 
I Simplicity 

The model is simple enough, yet covers a wide range 
of situations. Because of the repetitive use of the same con- 
cepts, formula and calculations in each situation, the user 
rapidly builds up the required familiarity and expertise in 
handling the model. 

The user does not have to be well versed in mathematics 
and probability theory to use the model. He will only have 
to know the parameters that are under his control and vary 
them through interaction with a computer terminal without 
worrying about the calculations. 

Dmezsimplicity of the model combined with its inter- 
active capability will tend to create a user's sensitivity 
Ee Che Long run implications of a policy change, thus serving 
an educational purpose. 

Zee le xibility 

The model demonstrates a Markovian chain application 
Meen part Of the organization; yet, whenever this concept 
proves invalid, the subject part can be isolated and modeled 
differently, and the interaction with the organization can 
resume within the general framework of the model. 

The model demonstrates the extent of precision as 


a function of the Q matrix size. The size of the matrices 
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can change at the user's discretion depending on the nature 
of the problem being studied. For a more detailed solution, 
the user will have to use a more extensive partitioning 
scheme. This is due to the implicit assumptions that go with 


the Markovian chains. 


er LIMITATION 

The limitations, in general terms, are represented by the 
wide gap between pure mathematics and real life situations. 
This section addresses two main reasons why the model may not 
simulate the actual reality and will touch on some remedies. 

Both limitations stem from the implicit assumptions be- 
ana Markovian chains. 

1. History of Previous Movements 

Markovian chains assume that the movement to a state 
depends only on the state occupied during the previous period 
and is not affected at all by the prior or This means 
that i£ 46,7 is 0.3, for example, then 30% of those in state 
6 will move to state 7 each period, regardless of how many 
are in either grade. 

m get around this difficulty, the mathematical 
elements of the model need to be chosen as representative of 
the reality. 

2 Influence of Human Behavior 

Markevyran chains have the implicit assumption that 
transition probabilities from a state are independent of the 
other transition probabilities. This may not be completely 


true in real life. To illustrate this point, suppose a 
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decision maker decided to decelerate promotions from one par- 
ticular grade to the next higher. Then, according to the 
Markovian assumption, this would affect only the two elements 
in the O matrix that represent the flow between the subject 
grade and its next higher. In reality other flows may be 
affected as well, for example an increase in attrition from 
the subject grade, the grade before or from the organization 
at large. This can compromise the model's result when large 
changes in promotion opportunities are considered. A planner 
must consider the human response to a policy change and try 
to represent all its dimensions by varying all the mathemati- 


cal elements of the model that are likely to be affected. 


De SUMMARY 

The model described in this paper, like all planning 
models, is best used for o ads in the organiza- 
tional behavior over some time horizon. 

It can be used for calculating actual stocks and flows 
especially over a short time horizon, provided that the 
model's elements were chosen as representative as possible 


ethe real situation. 
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